crucial advancement in this problem. We demonstrate that FMR in a sufficiently confined nanostructure can exhibit unprecedented large angle magnetization precessions which are spatially quasi-uniform. The experimental evidence of the coherence of large precessions is brought by a new spectroscopic technique based on the application of a second probe excitation field, with frequency close to the one of the main time-harmonic field. This second excitation is used to drive small eigen oscillations of magnetization around the FMR large angle periodic oscillations, corresponding to coherent nutations of the magnetization. These nutation modes are substantially different from the usual SW modes around the ground state because they correspond to eigenmodes around a far-from-equilibrium state and their existence is connected to the one of a large coherent precession. Moreover, we show that the resonant excitation of these nutations can be used to control the nonlinear magnetization dynamics by affecting the switching fields associated with the bistability of the large angle FMR response pictured in Fig.1a , which occurs beyond the foldover instability predicted by Anderson and Suhl [20] .
The preservation of coherent magnetization dynamics, which we report on a thin disc with sub-micrometric diameter, is mainly due to the geometric confinement. It significantly reduces the density of normal modes and suppresses the nonlinear SW interactions present in bulk ferromagnets [21, 22] . In addition, in our experiments the ground state is with the magnetization perpendicular to the plane. In this case, the uniform mode in thin films lies at the bottom of the SW manifold, so that it has no degenerate mode to couple to [23, 24] and the angle of the purely circular precession driven by FMR can reach large values [25] . These combined circumstances allow for the excitation of large-amplitude quasi-uniform precession of magnetization without simultaneous excitation of other SWs.
The experimental results of the present work also address the important issue of comparison between theory and experiments. In fact, by using the framework of dynamical systems [2] , exact analytical solutions of the Landau-Lifshitz-Gilbert (LLG) equation in the presence of an arbitrarily large time-harmonic excitation have been found in high symmetry cases [26] and their stability analyzed [27] , but have not been verified experimentally yet. For instance, the hysteretic FMR illustrated in Fig.1a has already been observed in measurements [28, 29] , but with much weaker bistable response characteristics than expected from theory.
In the following, we investigate the FMR of an individual nanodisc of yttrium iron garnet (YIG) in the perpendicular configuration. The choice of YIG is natural as it is the magnetic material with the smallest SW damping, making it attractive to study weakly dissipative magnetization dynamics in the linear and nonlinear regimes [30] . The nanodisc has a diameter of 700 nm and is patterned from a 20 nm thick YIG film of magnetization µ 0 M s = 0.21 T [31] , µ 0 being the vacuum permeability. It is saturated out-of-plane by a magnetic field H 0 applied along its normal, z. A broadband antenna supplies a spatially uniform, linearly polarized microwave field of pulsation ω 1 oriented in the plane of the nanodisc. It can be decomposed into the left and right circularly polarized components, only the latter being efficiently coupled to the Larmor precession of the magnetization. In the following, h 1 will refer to the circular amplitude of the excitation field produced by the output power P 1 from the synthesizer. It drives the YIG nanodisc into FMR, thereby opening a precession angle θ of the magnetization M around H 0 and decreasing its longitudinal component
This dynamics is characterized by magnetic resonance force microscopy (MRFM), which sensitively probes the variation ∆M z = M s − M z through the dipolar force between the YIG nanodisc and a magnetic nanosphere attached at the end of a soft cantilever [32] , as sketched in Fig.1b . Further details about the sample, the MRFM set-up and the microwave calibration can be found in the Methods.
Linear spin-wave spectroscopy
In Fig.1c , the SW spectroscopy of the YIG nanodisc is performed at ω 1 /(2π) = 10.5 GHz and low power P 1 = −30 dBm, which is pulse modulated at the frequency of the MRFM cantilever to improve the signal to noise ratio. Quantized radial SW modes are excited by the uniform pumping field [33] . Their spatial profiles indexed by the radial number are shown above the spectrum. The fundamental Kittel mode is the one excited at the largest field, µ 0 H K = 0.569 T, and corresponds to a uniform phase of the transverse magnetization in the disc. Due to the geometric confinement, it is well separated from other SW modes at lower field [34] . Its full width at half maximum, µ 0 ∆H = 0.35 mT, is determined at even lower power (P 1 = −38 dBm) to avoid distortions of the resonance line due to the onset of foldover, which occurs when the change in effective field becomes comparable to the FMR linewidth, at P th 1 = −33 dBm or µ 0 h th 1 = 0.009 mT (see Methods). It corresponds to a Gilbert damping parameter α = γµ 0 ∆H/(2ω 1 ) = 4.7 · 10 −4 , where γ is the gyromagnetic ratio, in agreement with the value determined from broadband measurements (see Supplementary Fig.S1 ).
Deeply nonlinear FMR
The FMR spectrum of the YIG nanodisc radically changes at much stronger pumping fields. Fig.1d shows the measurement with a continuous wave (cw) excitation at P 1 = +12 dBm, i.e., more than four orders of magnitude larger than the threshold of foldover 
/∆H 2 calculated from the macrospin LLG equation [3] . The measured foldover shift starts to deviate from the macrospin model beyond µ 0 h 1 0.1 mT, which is an order of magnitude larger than the threshold for foldover, when the angle of the uniform precession increases above 30
• , corresponding to ∆M z /M s 15%. This is the signature of the onset of SW instabilities [19] , which is here significantly postponed compared to what is observed in larger YIG samples, where the Suhl threshold is reached even before the onset of foldover, for a uniform precession angle of only a couple of degrees [35, 36] . In this respect, the experimental results presented in Fig.1 demonstrate that the discretization of the excitation spectrum in nanostructures efficiently inhibits nonlinear interactions between
Nutation spectroscopy in the rotating frame
We now aim at probing the stability of the large-amplitude magnetization dynamics demonstrated above, which is periodic at ω 1 in the laboratory frame, hence referred to as P-mode [26] . In the frame rotating with h 1 at ω 1 around the z-axis, the magnetization M 0 of a P-mode is fixed at a polar angle θ 0 and a phase lag ϕ 0 (see Fig.2a and supplementary information). For this, we conduct two-tone measurements, where in addition to the strong cw excitation h 1 at ω 1 a second weak microwave field h 2 , pulse modulated at the cantilever frequency, is applied at ω 2 , as shown in Fig.2b . MRFM is used to simultaneously detect ∆M 1 induced by the main cw pumping at ω 1 (by monitoring the cantilever frequency, as in Fig.1d ) and the additional change in longitudinal magnetization, ∆M 2 , induced by the second excitation at ω 2 (by monitoring the amplitude of the cantilever vibrations, as in This means that in the frame rotating with h 1 at ω 1 , the magnetization is precessing at
GHz around its equilibrium position M 0 (cf. Fig.2a ).
In other words, it is submitted to a slow nutation motion in the laboratory frame. The dependence of the nutation frequency ω P,0 on the main pumping field h 1 at fixed µ 0 H 0 = 0.52 T is presented in Fig.2e , whereas its evolution measured as a function of the down swept field H 0 at fixed P 1 = +8 dBm and P 1 = +1 dBm is shown in the 2D spectroscopy maps of Fig.2f and 2h, respectively.
Following the theoretical approach of ref. [27] , it is possible to calculate analytically the frequency ω P,0 of spatially uniform nutation around a given P-mode based on the macrospin LLG equation. Technical details are given in the Methods (the full derivation is presented in the supplementary information). In the limit of small damping, α 1, it can be expressed as a function of h 1 and the angles θ 0 and ϕ 0 of the P-mode as follows: The experimental results presented in Fig.2 In order to investigate these other nutation modes, we perform the same measurements as in Figs.2f-i, but for larger detunings ω 2 −ω 1 (P 2 is also increased from −19 to −13 dBm). The results obtained at P 1 = +1 dBm are reported in Figs.3b-c (those obtained at P 1 = +8 dBm are presented in Supplementary Fig.S2 ). The spectroscopy map of the SW modes excited by h 2 in the absence of h 1 is shown in Fig.3a . It displays the linear dispersion relation of the radial SW modes excited by the uniform field h 2 , already discussed in Fig.1c . Due to the strong foldover regime driven by h 1 at H 0 < H K in Fig.3b , each of these radial SW branches transforms into a pair of branches symmetric around ω 1 . Additionally, there is a pair of branches which appears at twice the main nutation frequency, which is due to the ellipticity of the trajectory, apparent on Fig.2c . The macrospin approach used to derive Eq.1 cannot be used to account for these higher order nutation modes, although plane wave perturbations to the P-mode can also be analytically calculated [27] . We therefore use micromagnetic simulations to calculate the SW nutation spectra shown in Finally, Fig.3c confirms that the excitation of the nutation resonances can destabilize the strong foldover dynamics.
DISCUSSION
As in the case of a spinning top, the nutation of magnetization demonstrated above is made possible by the specific properties of the dynamics on the unit sphere [2] . Namely, it is topologically allowed for the magnetization to oscillate around its fixed point M 0 (θ 0 , ϕ 0 ) in the rotating frame, which is set by the drive h 1 . The nutation frequency results from the balance of torques acting on the angular momentum, and is given by Eq.1 in the case of a macrospin governed by the LLG equation. The accuracy of the latter to account for the experimental data means that the coherent precession of the magnetization vector is dominating the deeply nonlinear driven dynamics, despite the signatures of SW instabilities observed at very large pumping power. Their main effect is to slightly reduce the nutation frequency, which is well captured by full micromagnetic simulations. This can be ascribed to the shift of the phase between the pumping field and the average magnetization [38] observed in our simulations, a key effect to explain the above threshold dynamics [7, 39] .
The nutation spectroscopy of magnetization thus allows a more detailed investigation of the highly nonlinear regime, where auto-oscillation instabilities [6, 23, 40, 41] and instability patterns [42] have been evidenced. Moreover, its quantitative understanding, made possible thanks to the low density of SW modes in nanomagnets, should enable to test further the LLG equation governing the motion of magnetization against experimental measurements.
Our results also highlight that the dynamical states driven by a high power microwave signal can be controlled using a second signal with much lower power by the resonant excitation of the nutation modes. This could be applied in devices taking advantages of the bistable magnetization dynamics for microwave signal processing [28] , in analogy to microwave assisted magnetization switching [43] [44] [45] . Furthermore, the frequency selectivity and energy efficiency of nutation excitations provide new potentials for the scheme of neuromorphic computing. Cognitive tasks have already been implemented using the nonlinear dynamics of nanomagnets, from the transient regime of a single STNO [17] to the collective behavior of mutually coupled STNOs controlled by external microwave signals [18, 46] . An appropriate use of the nutation dynamics of magnetization would allow to gain additional control on nonlinear dynamics, which is highly desired in this field.
Sample preparation. A 20 nm thick Y 3 Fe 5 O 12 (YIG) film was grown by pulsed laser deposition on a (111) Gd 3 Ga 5 O 12 (GGG) substrate, as described in ref. [31] . It was used to pattern the studied YIG nanodisc by electron lithography and dry etching. After the insertion of a 50 nm thick SiO 2 insulating layer, a 150 nm thick and 5 µm wide gold antenna was defined on top of the nanodisc to provide the microwave excitation [34] .
MRFM set-up. The magnetic resonance force microscope is located between the poles of an electromagnet and operated under vacuum (10 −6 mbar) at a stabilized temperature of 288 K. The cantilever is an Olympus Biolever (spring constant 5 mN·m −1 ) with a 700-nm-diameter sphere of an amorphous FeSi alloy (magnetic moment 0.28 pA·m 2 ) glued to its apex. In this study, MRFM spectroscopy is achieved by placing the center of this magnetic nanosphere at a distance of 1.5-1.8 µm above the center of the YIG nanodisc. The strayfield of the MRFM probe (10-16 mT) is subtracted from the corresponding spectra.
The displacement of the cantilever is monitored using optical techniques. Its mechanical frequency (f c ≈ 12.3 kHz) is tracked using a phase-locked loop and its vibration amplitude stabilized to 4 nm using a piezoelectric bimorph. When the cw microwave pumping excites the magnetization dynamics in the sample, its longitudinal component is reduced, so the static dipolar force with the magnetic probe diminishes. The associated variation of the cantilever frequency provides a quantitative magnetometry of the sample [47] . In order to improve the signal to noise ratio, the microwave excitation is pulsed on and off at f c . In that case, the cantilever vibrations induced by the magnetization dynamics excited in the sample are enhanced by the quality factor Q ≈ 2000 of the mechanical detection [32] .
Microwave field calibration. We use the onset of foldover as a mean to calibrate the amplitude of the excitation field produced by the microwave antenna at the sample location [33] . At the threshold of foldover instability h Finally, the P-mode linear response to the small additional microwave field h 2 is studied. . In all the panels, the perpendicular field H 0 is swept down.
